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Abstract

In this paper, we define a new nonlinear wavelet-based estimator of the regression function
under random left-truncation. We provide an asymptotic expression for the mean integrated
squared error (MISE) of the estimator. It is assumed that the observations form a station-
ary a-mixing sequence. The nonlinear wavelet-based estimator of the covariate’s density is
considered as well. Unlike for kernel estimators, the MISE expression of the wavelet-based
estimators is not affected by the presence of discontinuities in the curves. The finite sample

behaviour of the proposed estimators is explored through simulations
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1 Introduction

The importance of wavelets in curve estimation is well known since the initial works by Kerky-
acharian and Picard (1992, 1993), Donoho and Johnstone (1994, 1995), and Donoho et al.
(1995, 1996). In these papers, adaptation of wavelets (in the minimax sense) to the degree of
smoothness of the underlying function is analyzed, for a wide range of functional spaces and
a number of loss functions. This is a remarkable property of the wavelet method when com-
pared to other common estimation techniques (such as the kernel method) which may fail in
unsmooth situations. Hall and Patil (1995) gave for the first time an asymptotic expression of
the mean integrated squared error (MISE) of a nonlinear wavelet density estimator, comparing
its performance to that corresponding to the kernel density estimator. These authors showed

that the asymptotic MISE formula is the same in both the smooth and unsmooth density cases,
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a fact that is not true for the kernel method. Similar results are available for the problem of
estimating a regression function, see for example Hall and Patil (1996).

In some fields as Reliability and Survival Analysis, right-censored or left-truncated data are
often encountered. Some authors have investigated wavelet density estimation and wavelet re-
gression with censored data. For example, Antoniadis et al. (1999) considered linear wavelet
density estimation under random censoring, providing the MISE convergence rate under smooth-
ness assumptions on the density function; Li (2003) proposed a non-linear wavelet estimator of
the density function with censored data and derived a result similar to the main result, Theorem
2.1, of Hall and Patil (1995). Also, Rodriguez-Casal and de Utia-Alvarez (2004) investigated the
asymptotic expression of the MISE for the non-linear wavelet estimator of the density function
under the Koziol-Green model of random censorship. Finally, Li et al. (2008) considered non-
linear wavelet regression in the censored case. However, there is not much research on wavelet
estimators with left-truncated data. This is an important gap we fill with the present work.

Another existing gap in wavelet estimation from incomplete data is that all the mentioned
references are devoted to independent data. However, the dependent data scenario is an impor-
tant one in a number of applications with survival data. For example, when sampling clusters of
individuals (family members, or repeated measurements on the same individual, for example),
lifetimes within clusters are typically correlated (see Kang and Koheler, 1997, or Cai et al.,
2000). In these applications, short-range dependence conditions as a-mixing have been found
to be realistic (Cai and Kim, 2003), and some theory has been adapted accordingly. With com-
plete a-mixing data, Liang et al. (2005) discussed the global Ly error of the nonlinear wavelet
estimator of the density function in the Besov space; while Truoug and Patil (2001) gave the
MISE result in nonlinear wavelet regression. The case of (complete) long memory data was
considered by Li and Xiao (2006, 2007), who provided the asymptotic MISE of the nonlinear
wavelet-based regression estimator. Interestingly, the long memory (or long-range dependence)
situation differs from short-range dependence and from the independent case in that it leads to
slower convergence rates of the estimator. Once again, there is little or no literature devoted to
wavelet estimation with censored and/or truncated dependent data. In this paper, we focus on
nonlinear wavelets for the estimation of the covariable density and the regression function with
left-truncated, dependent data.

Let Y be a response variable with continuous distribution function (df) F' and let X be a
continuous univariate covariable taking its values in [0, 1] with df V' and density v. In nonpara-

metric statistics, a smooth regression function is commonly used to describe the relationship



between Y and X. The regression function at a point x € [0, 1] is the conditional expectation

of Y given X = z, and it is given by
E[Y|X = z| :=m(z) = €|0,1], (1.1)

which can be written as m(z) = h(x)/v(z), where h(z) = [, yf(z,y)dy with f(-,-) being the
joint density function of (X,Y’). In practice, the response variable Y — a variable of interest,
referred to hereafter as the lifetime, may be subject to right censoring and/or left truncation.
In this paper we are interested in the left truncation model. Left-truncated data occur in
astronomy, economics, epidemiology and biometry; see, e.g., Woodroofe (1985), Feigelson and
Babu (1992), Wang et al. (1986), Tsai et al. (1987) and He and Yang (1994).

Under the assumption that the lifetime observations are mutually independent, regression
with left-truncated data has been considered in a number of papers. Gross and Lai (1996)
introduced linear regression for left-truncated and right-censored data, while Park and Hwang
(2003) investigated regression depth in the same scenario. In a completely nonparametric setup,
Iglesias-Pérez and Gonzédlez-Manteiga (1999) and Iglesias-Pérez (2003) considered respectively
estimation of a conditional distribution and its quantiles. Also, Park (2004) gave the optimal con-
vergence rate for B-splines regression under truncation and censorship. Recently, Ould-Said and
Lemdani (2006) introduced a kernel estimator of the regression function under left-truncation,
and investigated its asymptotic properties under independent and identically distributed (i.i.d.)
framework. In this paper we define a new nonlinear wavelet-based estimator of the regression
function under the left-truncation model, and establish an asymptotic expression of the MISE
for the estimator of the regression function when the data exhibit some kind of dependence.
Also, the MISE result of the nonlinear wavelet-based estimator of the covariable’s density is
considered.

Let {(Xk,Yx,Tx), k > 1} be a sequence of random vectors from (X,Y,T), where T is the
truncation variable. For the components of (X,Y,T), in addition to the assumptions and nota-
tion for X and Y we made above, we assume throughout that 7" is independent of (X,Y"), and T
has continuous df G. Let F(-,-) be the joint df of the random variable (X,Y"). Without loss of
generality, we assume that both Y and T" are nonnegative random variables, as usual in survival
analysis. In the random left-truncation model, the lifetime Y; is interfered by the truncation
random variable T; in such a way that both Y; and 7; are observable only when Y; > T;, whereas
neither is observed if Y; < T} for i = 1,--- , N, where N is the potential sample size. Due to the

occurrence of truncation, the NV is unknown, and n — the size of the actually observed sample,



is random with n < N. Let §# = P(Y > T') be the probability that the random variable Y is
observable. Since § = 0 implies that no data can be observed, we suppose throughout the paper
that 6 > 0.

Since N is unknown and n is known (although random), our results will not be stated with
respect to the probability measure P (related to the N-sample) but will involve the conditional
probability P with respect to the actually observed n-sample. Also E and E will denote the
expectation operators under P and P, respectively.

In the sequel, the observed sample {(X, Yy, Tk), 1 < k < n} is assumed to be a stationary

a-mixing sequence. Recall that a sequence {(x,k > 1} is said to be a-mixing if the a-mixing

coefficient
a(n) := supsup{|P(AB) — P(A)P(B)|: A € 2%, B € F}}
E>1
converges to zero as n — oo, where 7" denotes the o-algebra generated by (;, (41, .., (m With

I < m. Among various mixing conditions used in the literature, a-mixing is reasonably weak
and has many practical applications; see, e.g., Doukhan (1994), page 99, for more details. In
particular, the stationary autoregressive-moving average (ARMA) processes, which are widely
applied in time series analysis, are a-mixing with exponential mixing coefficient, i.e., a(k) =
O(p*) for some 0 < p < 1. As, mentioned a-mixing has been used in applications with clustered
survival data see, for instance, Cai and Kim 2003.

The rest of this paper is organized as follows. In the next section, we give some notations
for the left-truncation model. Basic elements of the wavelet theory, and the definition of the
nonlinear wavelet-based estimators of m(-), v(-) and h(-) are given too. Main results are described
in Section 3, their proofs are given in Section 4. Section 5 analyzes the finite sample properties
through a simulation study. In Appendix, we collect some preliminary lemmas, which are used

in Section 4.

2 Notations and Wavelet-based Estimators

Following Stute (1993) the conditional dfs of Y and 7" given no occurrence of the truncation are
y
() = POV <) = B(Y <yfy 2 17) =07 [ Gjdrt)
0

and G*(y) =P(T < y|Y >T) =071 [{* G(y A u)dF(u), which can be estimated by
Fily)=n"'Y I(Yi<y) and Gi(y) =n"' D I(T <y),
i=1 i=1
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respectively, where I(-) is the indicator function.

Since C(y) =P(T <y <Y|Y >T) =0"'G(y)[1 — F(y)] = G*(y) — F*(y), the empirical
estimator of C(y) is defined by Cp(y) = n ' Y0 I(T; <y <Y;) = Gi(y) — F}(y—), where
F}(y—) denotes the left-limit of F¥ at y.

Following the idea of Lynden-Bell (1971), the nonparametric maximum likelihood estimators

of F and G are given by

1-F.(y) = H (1 - nC;(YZ)> and G(y) = H (1 — nCnl(Tz))

©:Y;<y wTi>y
The estimator of @ is defined by 60, = Gy, (y)[1 — F.(y—)]C,;*(y). He and Yang (1998) (devoted
to the i.i.d. setting) proved that #,, does not depend on y and its value can then be obtained
for any y such that C,(y) # 0.
Now we introduce some notation corresponding to wavelets. Let ¢(x) and ¢ (x) be father and
mother wavelets, having the properties: ¢ and v are bounded and compactly supported; [ ¢ =
[v? =1, u = fyk@b(y)dy =0for 0 <k <r—1and p, =rlk, where k = (rl)™! [y (y)dy.

Therefore, the functions
05(w) = p'29(pw — j), vis(@) = b(piw — j), € R

for arbitary p > 0, 4,5 € Z, i > 0 and p; = p2¢, are orthonormal:

/ G5y Pja = j1jas / iy gy Yings = 0iyinOjyjas / ¢4, %ij, = 0, (2.1)

where 0;; denotes the Kronecker delta [i.e. d0;; = 1, if ¢« = j; 0, otherwise|, and the system
{0;(z),vij(x),4,j € Z,i > 0} is an orthonormal basis for the space Ly(R). For more on wavelets
see Daubechies (1992) or Hérdle et al. (1998).

In this note, the regression function m, function h and density v are supported on the unit
interval [0,1]. Hence, without loss of generality, we may and will assume that ¢ and v are

compactly supported on [0, 1]. For every function v in La(]0, 1]), we have the following wavelet

expansion:
p—1 oo pi—l
v(x) = Zajgf)j(x) + Z Z aijwij(x), (2.2)
=0 i=0 j=0

where a; = [v¢; and a;; = [ vi);; are the wavelet coefficients of the function v(-) and the series
in (2.2) converges in Lo([0, 1]). Notice that, in order to simplify the notation, p — 1 and p; — 1
denote |p| — 1 and |p;] — 1, respectively, where |z] is the integer part of z.



Note that in our application a; = [v¢; = [ ¢;dV and hence an estimator of a; (resp. of a;;)
can be constructed on the basis of any given estimator for the covariate’s cumulative distribution
function V(). As usually with truncated data, ordinary empiricals fail to be consistent due to
the presence of biased data in the sampling; hence, some building of a specific estimator is
needed to overcome this issue.

For any df H, let ag = inf{y : H(y) > 0} and by = sup{y : H(y) < 1} be its two endpoints.
Following the idea of Ould-Said and Lemdani (2006), we build an estimator of V(-). First, we
consider the conditional joint distribution of (X,Y,T)

H*(z,y,t) = P(X<z,Y<yT<ty>T)= / / G(w A t)F(du, dw).
ulz Jag<wly
Taking t = +00, we get the conditional joint df of (X,Y)
F*(x,y) =P(X <z,Y <ylY >T)=6"" / / G(w)F(du, dw),
ulzr Jag<wly
which by differentiating gives
F(dx,dy) = 0G~ " (y)F*(dx,dy) for y > ag. (2.3)

Integrating over y we get the df of X: V(z) =6 fu<x fy>aG G%y) F*(du,dy). A natural estimator
of V' is then given by

>

== < .
. > Gn I(X; < ). (2.4)
k=1

Note that in Eq. (2.4) and the forthcoming formulae, the sum is taken only for k& such that

Gn(Yy) # 0. In view of (2.4), the proposed non-linear wavelet estimator of v(x) is

Zd ¢j(x) + Z Z aijl(laij| > 6)i;(z), (2.5)

where § > 0 is a “threshold” and ¢ > 1 is another smoothing parameter, and the wavelet

coefficients a; and a;; are defined as follows:

X O o~ 1 X
aj = /quan = n}; Gn(Yk)¢j(Xk)a Gij = /wz‘jan G W (Xk). (26)
Similarly, as for v, if the function A is square-integrable then its wavelet expansion is given by
p—1 oo pi—l1
2) =Y bidi(x) + D> D bijthii(x), € (0,1], (2.7)
j=0 i=0 j=0
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where b; = [ h¢; and bj; = [ hy;;. Note that Hy,(z) = %" ey %I(Xk < x) is an estimator
of H(x) = [ . h(u)du (see Ould-Said and Lemdani (2006)). So, the proposed non-linear

wavelet estimator of h(x) is

A p—1l a-1lpi—1 .
() = bigi(@) + > by I(|big| > 0)eu(x), (2.8)
=0 i=0 j=0

where b; = O 50 %%(Xk), bij = bn S0 4 %%j(Xk). Further, from (2.5) and (2.8),

a wavelet estimator of m(x) is given by m(z) = h(z)/6(x).

3 Main Results

In the sequel, let C,Cy, Cy,--- and ¢ denote generic finite positive constants, whose values are
unimportant and may change from line to line. A,, = O(B,,) stands for A,, < CB,,. Throughout

this paper, we assume that
ag < ap bg <bp < occ. (3.1)
In order to formulate the main results, we need to impose the following assumptions.

(A1) For all integers j > 1, the joint conditional density v (-,-) of X1 and X;1 exists and

satisfies v} (z,2") < Cp for all z,2" € [0, 1].

(A2) The density v(-) satisfies v(xz) > C} for z € [0, 1].

(A3) The smoothing parameters p, ¢ and ¢ are functions of n. Suppose that p — oo, ¢ — o0
as n — oo in such a manner that p,62 = O(n=¢) for some 0 < ¢ < 1, p*" 162 — oo, § >

C3(n~'logn)'/2.

Remark 3.1 Ifv(z) in (A2) is continuous on [0, 1], then v(z) < Cy. Truoug and Patil (2001)
used the assumptions C1 < v(x) < Cy, (A8) as well as other conditions. In i.i.d. setting, the
assumption (A3) except py6? = O(n™¢) for some 0 < € < 1 had been used by some authors, such
as Hall and Patil (1995), Li (2003) and Rodriguez-Casal and de Una-Alvarez (2004).

Theorem 3.1 In addition to the conditions on ¢ and ¢ stated in Section 2 and the assumptions

(A1)-(A3) and (3.1), let a(k) = O(k~) for some

A>max{(2—¢€)/e,3+4r,1+ (2r+1)/e, (1 —1)(27+1)(2 —€)/(2¢(T — 2))}, (3.2)



where T > 2. Assume that the r-th derivatives h") and v(") are continuous and bounded, and
eA+14+2b0)+2b/(2r+1)>2(b+1) for b>1. (3.3)
Then,
(i) E) [(6—v)? - {9n—1pf 2D drdy + w21 272)1p fm?}\ —o(n"lp+p ).
(i) E) S =1y = {on=p [ [ LD dwdy + k21 - 272) " fh(’“)2}‘ =o(n"lp+p ).

(iii) Let r > 1. Suppose that (r +1)/(2r +1) < e < 2r/(2r +1) and p*" 1 = O(n), then
/(m —m)? = Op(n"Tp+p ).
Moreover, if p is chosen of size n'/ ™V then [(m —m)? = Op(n=27/C2r+h),

Remark 3.2 (a) In the proof procedure of Theorem 3.1, in order to handle covariance part

(see Step 1 below) we use assumption (A1), which is redundant for independent setting.

(b) In Theorem 3.1, if we replace a(k) = O(k™*) by the exponential decay a(k) = O(p*) for
some 0 < p < 1, then (3.2) and (3.3) are automatically satisfied. While, Truoug and Patil
(2001) used the assumption a(k) = O(p*), hence, our a-mizing conditions are weaker than

that in Truoug and Patil (2001).

(c) For the sake of generality, we assume that T > 2 in (3.2) and b > 1 in (3.3), here T > 2
and b > 1 are any fized, for example, taking T = 3, b = 2. Actually, by appropriate
choosing for T,b,e and r, inequalities (3.2) and (3.3) can be specialized.

In Theorem 3.1, we have assumed that the functions h and v are r-times continuously
differentiable for simplicity and convenience of the exposition. However, if A(") and v(") are only

piecewise continuous, Theorem 3.1 still holds, as stated in the following result.

Theorem 3.2 In Theorem 3.1, let the derivatives h™ and v") is only piecewise continuous,
i.e., there exist points g = 0 < 21 < 29 < --- < xy < 1 = xN41 such that the first r derivatives
of h and v exist and are bounded and continuous on (x;,xi+1) for 0 < i < N, with left- and
right-hand limits. In particular, h and v themself may be only piecewise continuous. Assume
that p2r+t'n=2" — oco. Then the conclusions (i)-(ii) in Theorem 3.1 still hold, and also (iii) in

Theorem 3.1 remains true when v") is continuous and bounded.



Remark 3.3 (a) The error rates in our Theorems are same as that in Hall and Patil (1996)

for i.i.d. complete data, and that in Truoug and Patil (2001) for a-mixing complete data.

(b) Compared with the corresponding kernel estimator, the wavelet analogue of the bandwidth
h,, of the kernel estimator is p~1. As point out by Hall and Patil (1996), the variance
component of the integrated squared error is of size n~'p (Compare (nhy,)~! in the case
of a kernel estimator) and the squared bias component is of p~2" (Compare h*" for an

rth-order kernel estimator), the optimal size of p is ent/@rt1),

1/(2r+1)

(¢) By choosing p ~n it can be shown that the mean integrated squared errors satisfy

B fe-vteony [ [ fgz;ﬁ)dwdy+p‘2%2<12‘2’“>‘1 J 0 ey,

R 2
B [ oty [ LSy 12yt [0 e,
Yy

4 Proofs of Main Results

We are now ready to prove our main results.

Proof of Theorem 3.1. We only prove (i) and (iii), the proof of (ii) is similar to that of (i) under

(3.1). First, we prove (i). It follows from the orthogonality of the wavelet basis functions that

[@-or

p—1 qg—1p;i—1 qg—1p;i—1 oo pi—1

= (a;—a;)? + ) > aiI(agl <0)+ > Y (aij — aiy)*I(|ag| > 0)+ > Y a
=0 i=0 j=0 i=0 j=0 i=q j=0

= 51+Sz—|—53—|—54. (4.1)

It suffices to show that

E|Si — 9n1p// f((;ij;;)d:z:dy\ = o(n"1p); (4.2)
B|Sy —p k(1 —27%)7! /w)?] — o(p"); (4.3)
E(S3) = o(n~2r/2r+1); (4.4)
81 = O(py™) = o(p™™). (4.5)



Step 1. We verify (4.2). By using Lemma 6.5 it follows that

flz
—0n~ p//
- f(z,y) = =
< E\ > (@ —a;)* - 9n‘1p// G(jy) dxdy’ +Y EAT+2EY |a; — ag] - |4;]
=0 §=0 =0

= 511 + S12 + Si3. (4.6)

Note that Fa; = a; and

~ 02 "L 0i(X
nE(a; —a;)? = ZVE%IA(Z %EY:))>
k=1
v (BN L 002N (1 - Dy o (X)) 65(X1i)
=0 Var( G) ) + 20 2 1— n)COV< G GVan) ) (4.7)
According to (2.3) we have
p—1 p—1
b5(z) Y
2V = 2 (dz, dy) 4 *(dz, dy)
X vr(E) =) ) -(f [ gyrana)]
p 1 2 .
_ #*(u) U + J ~1/2 u+J 2
_] / G » dudy (/p gb(u)v<7p )du) ] (4.8)
Now, by [ ¢? = 1 and the compactness of the support of ¢, we get
p—1 . p—1 .
—1/2 U+Jd 2 C 2 712U+‘7d o [ v2ed
jgo(/p s(wo(" ) < ;O/Qs(u)pv(p)u [ s

Hence, from » 0 oD 1]"(”;J,y [ f(z,y)dz and (4.8), it follows

jz(:je?v G //f ) da dy + o(p). (4.9)

Note that, from (3.1), (2.3), (A1) and v(z) < C2 we have

o (G- Gy )
’E’qﬁ X1+z)‘

< G (ar)Elo;(X1)6;(X141) HE‘% G(Y141)

=G *(ar //|¢] ) s (x)|vf (z, 2) da:d:c+62 /\@ )v(x dx

< CoG2(ap) —1//|¢ (0)dsdt + C30°p /|qz5u du)”
_O( 1) fOTJ—O,l»"vp_l
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On the other hand, since |¢;(X3)/G(Yz)| < G~ ap)p'/?|¢llc = O(p'/?), according to Lemma
6.1 we have

[Cov(¢;(X1)/G(V1), ¢j(X141)/G(Y1:1))| = O(pa(l)).
Note that p?"*16? — oo and p,6% = O(n~) imply p > Cn¢/2") . Choosing M,, = p/loglogn, we

have

202‘ Z (1 - )Cov(%i 1)) %E;iljll )‘ < C(KZM: Z>ZM: )mln Lpa(l)) =o(1). (4.10)

In the Appendix, it is proved that
p—1
Var(Z(&j - aj)2) = o(n~2p?). (4.11)
§j=0

Then (4.7) and (4.9)-(4.11) yield that Si; = o(n~'p).

Following the line as for Si1, it is easy to see that

|
—

p

50 = o)) S $ l

= o

< o) T (e[ (2 -2 (Gm ) o (el B ) )

0 =1

-~ of") 0(2) +o("2) -t

1/2
As to 513, we have 513 < 2(2?;(1) E(EL]‘ - aj)2> (Zf;é EA?) / = O(Tl_lp).

Step 2. We prove (4.3). Let ¢ > 0, and define

NS,

<
|

qg—1p;i—1 qg—1p;—1

So1 =YY ajiI(lai] < (1+¢)5), Sea=>_ > ajI(|ay| < (1-)d),

=0 5=0 =0 j=0
A = 23:_01 ?Z:_Ol a%[(!&zj — aij\ > C(S) Then S22 — A < Sz < 521 + A.
By using a Taylor expansion, we have

r—1
ai; = p1/2/1/) U+] u:pllm/w(u)[ %(U/pz)lv(l)(]/pz)

=0

1
T /0 (1= 720 (G + tu) i)t
1
= s v [ - om0+ e
_ /ip'_(r+1/2)(gij+77ij)a (4.12)

)
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where g;; = v (J/pz) and Supp<i<g—1,0<j<pi—1 7] — 0.

Note that sup, |a;;| < Cp; (r+1/2) o Cp~(r+1/2) and p*+1/25 — oo. Hence, for n large enough

we have
g—1p;—1 q—1p;—1
2 2r+1 2
So1 = So2 = E g g E gzj+77ij)
=0 j=0 =0 j=0

— KJQ(]_2_2T)_1p_2T/U(T)2+O(p_2T).

Therefore, to prove (4.3), it suffices to show that EA = 0(S21).

According to Lemma 6.5 we have

q—1p;i—1 q—1p;i—1
EA < ai;P(|aij — aij] > 11C0) + Y > aiP(|Ai] > 72€0), (4.13)
i=0 j=0 i=0 j=0

where 71 and 79 are positive constants such that v; 4+ vy = 1.
In order to evaluate EA, we first use Lemma 6.2 to bound P(|a;; — a;j| > ~1¢6). Set
1/2 .
Sijk = %%’j(xk)- Then E¢;jr = aij and [§5x — E&ijk| < Cp; 2=,

E(&ji — E&ijr)® < E& < C, |Cov(&ijs, &ije)| = O(p; ') for s # t.

Hence, by Lemma 6.3, taking m = oo, for N € N,;0 < N < n/2 we have

!
_ . 1/2v2/r ¢ —1\1—1/r
= < . : < . .
Dy 133§NVar(;§uk) <CN((* (i)'~ +0) <ON (4.14)
Note that p,02 = O(n™¢), § > C3(n"'logn)/? and X > (2 — €)/e imply p)‘+152(’\ D <
p;1\+152(’\_1) — 0. So, according to Lemma 6.2, taking N = [(62p;)~1/?], it follows that

P(lai; — aij| > 1¢0) = |Z &ijk — E&ijr)| > ny1(6)
k=1

- 4eXp{ B n?~2¢%6%/16 } N 328
- nN~=1Dy + Cny1(6SN ny1¢d
< dexp{—C56*n} + C(p}T1o2A-H1/2 . (4.15)

na(N)

By using arguments similar to those behind (4.14), it follows that Var(6 >_1_; [¢:;(Xg)|G7(Yz)) <

Cn. Hence
w1, - of)e(2 00
_ O(ln12<n>){vaf(z ,; Wg((é’;)) 4 (9E|¢ij(X1)\G‘1(Y1))2}
- o) 2} o),



From (4.13), (4.15) and (4.16), and noticing nd? — oo, it yields that

—1p;—1 —1p;—1 EA2
EA<0<ZZ ”)—i—ZZaU 24252 = 0(S21).
=0 j=0 =0 5=0

Step 8. We prove (4.4). Let 3,74 denote positive numbers satisfying v3 + v4 = 1. Then,
from I(|ai;| > ) < I(|agj| > v36) + I(|Gi; — asj| > v46), we have

E(S3) < 531 + S32, (4.17)

where Sy = 31 Y00 B{(ay; — aig)I(Jay| > 750)}, and S = 3100 35! B{(ay
aij)QI(\&ij — a;j| > v49)}. According to Lemma 6.5, it follows that

q—1p;—1 —1pi—1
S31<2> > Bf(as; — aij)*I(|aij] > v30)} + 2 Z > B{A}I(Jai| > 730)}. (4.18)
i=0 j=0 i=0 j=0

The proof of (4.14) shows that E(as; — ai;)* < C/n, and (4.12) implies sup; |a;;| < Cp; (r+1/2)

Hence, from n'/2§ — oo, we find

qg—1p;—1 q—1
E{(5; — aij)*1(|Jai;| > 130)} = O(n™) > pil (p; < (C/430)%/ D)
=0 j=0 s
= O(n~ 1672/t — o(n=2/Crel)), (4.19)

Note that p,6? = O(n~¢) implies that ¢ = O(In(n)), and p,In(n)/n — 0 by 62 > C%In(n)/n.
Then, by using (4.16) we have

iplzlE{A I(|aj| > y30)} = 0<lnln )qzl{pz 1
i=0 j=0 =
_0 (hllnn(n)> {% +q} = ofn ¥/Cr) (4.20)

Equations (4.18)-(4.20) yield that S3; = o(n=27/(2r+1),
Let (1, B2 denote positive numbers satisfying 51 + f2 = 1. On applying Lemma 6.5, we have

q—1p;—1 q—1p;—1
S < 2) Y B{ALT(Jay; — aij| > 1a6)} +2> Y B{(ai; — aiy) 1(|ai; — aij| > 740)}
i=0 j=0 i=0 j=0
q—1p;i—1 q—1p;i—1
2) Y EAG+2) Y B{(a — aiy)’I(lay — ai| > Bi1ad)}
=0 j=0 =0 j=0
—1p;—1

+QZ Z E{(aij — aij)*1(|Asj| > B2746)} (4.21)

=0 j=0

IA
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Note that

qg—1p;—1
E{(dij — aij)*1(|Asj| > B2746)}
i=0 j=0
qg—1p;—1
= Y B{(ay — ai)*1(|Ay| > Bryad, lasg — aij| > Bryad)}
i=0 j=0
g—1p;—1
+ E{(ai; — aij)*I(|Aij| > Bovad, aij — aij| < B1740)}
i=0 j=0
q—1p;i—1 q—1p;—1
< E{(as; — aij)*I(|aij — aij| > Bruad)} +C Y Y EAZ,
=0 j=0 i=0 j=0

which, together with (4.21) and the proof of (4.20), leads to

q—1p;i—1 R

S < 3 Y E{(a; — aij)*(|ai; — aij| > Srud)} +CY Y BA
q—1p;—1

< 32 Z E{(ai; — aij)*I(|ai; — aij| > B1740)} + o(n=2/Cr+b)y,

Therefore, it suffices to show that

q—1p;i—1

S By — ai)*(Jai; — ai| > B1746)} = o(n 2/ +1). (4.22)

i=0 j=0

Let a denote a positive number such that a=! +b~! = 1. By using Lemma 6.7 and (4.15),

according to Holder’s inequality, we have

q—1pi—1
> B{(as — aij)*I(|ay — ail > B17ad)}
i=0 j=0
q—1p;—1
_ YT 1
< Z {E’aw CLU‘Q } {P(’azj — aj| > ﬂm@}
i=0 j=0
q—1p;—1
<C 7{ exp{—Cy8%n} + (pg\+152(,\—1))1/(2b)}
i=0 j=0
< C% exp{—C652n} + Cnf1p((1)\+1)/(2b)+15()\71)/b _ 0(n72r/(2r+1))

by choosing § > Cr7(n~'ln(n))Y/? with C7 such that C¢C7; = 2r/(2r + 1), and by noticing

that p,02 = O(n~°), § > C3(n'logn)'/? and e(\ + 1 4 2b) + 2b/(2r + 1) > 2(b + 1) imply
nflpé/\+1)/(2b)+15(,\f1)/b _ 0(n72r/(2r+1))'

14



Step 4. We verify (4.5). From (4.12), it follows that

oo pi—1 pi—1

(2r+1) 2r-+1) _
Si=30 3w g + ) <2*€QZPZ(T+ ng Py ) = olp™*).

i=q j=0

Now, we prove (iii). It is easy to see that

Then

[inta) =~ @)y <

inf,e(0,1) v2(®) — Sup,epo 1 [0 () — v2 (2

From (3.1) and (A2), it suffices to show that

sup. [6(z) — ()| = op(1), (423
z€[0,1]

/ (h(z) — h(z))2dz = Op(n~p +p~2r), (4.24)

/(f)(a:) —v(x))%dz = Op(n~'p+p~ ). (4.25)

Note that, (i) and (ii) imply, respectively, that
E/ﬁ N2dz < C(ntp+p~2"), E/ N2dx < C(n'p+p).

Therefore, by using the fact that |n| = O,(E|n|) for any random variable 7, it yields (4.24) and
(4.25).
Next, we prove (4.23). Since ¢ and 1 are compactly supported,

sup |0(x) —v(z)| < 11 + Iy + I3 + Iy, (4.26)
z€[0,1]
where
p—1 q—1p;i—
=" laj - ajlllejllec, I Z Z |ag; [ I(|ai;] < 6)[|vs]l 0
j=0 i=0 j=0
q—1p;—1 oo pi—l
= Z Z |ai; — aij|I(lai] > 6)[vijlloo, Ia = Z Z |aij[[%ij]loo-
=0 j i=q 7=0
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Note that [|¢j]lcc = O(p'/?) and ||¢]lec = O(p 1/2). By Holder’s inequality and (4.2), from
p* ™1 = O(n) and r > 1 it follows that

p—1
1= 00) (Y0 - 0?)" = ploy(n )2 = (1), (.27
=0

Similarly, from p,02 = O(n~=¢) with (r +1)/(2r + 1) < € < 2r/(2r + 1) and p** 162 — oo we

have
q—1 pi—1 -1 g-1 pi—l 24y1/2
o< OY p* Y layli(ay) <6) < O{ X pi- 3 (D layll (sl <))}
=0 7=0 =0 =0 j=0
q—1p;—1
1/2 _op
< o S5 @ton <0 1} <m0 W =0, a2)
=0 j=0 7=0
q—1p;—1 1/2
I < Cpo 323 (s = a)Illasg] > )} = polopln™/ 1)}/ = 0,(1). - (4.29)
=0 5=0

From (4.12) we have

oo pi—1 pi—1
f4<zﬁzzpﬁmm—2mzpz Y Zp;l\gm— y=o1). (430
i=q j=0
Then, (4.23) follows from (4.26)-(4.30). [

Proof of Theorem 3.2. Similarly to the proof as in Theorem 3.1, we prove only (i), the proof of
(ii) is analogous, and (iii) can be proved by using (i) and (ii). By the orthogonality properties
of ¢ and ¢, [(0 —v)? = T'y(Z,Z,--), where Z denotes the set of all integers (for instance,
L;={0,1,--- ,p; — 1}) and

q—1
To(L, Lo L,---) = > (a5 —a)* + Y aI(|a] <96)
jeL i=0 jEL;
qg—1 oo
+ 0> (o — ai)’I(lagl > 6) + > > aj
i=0 jEL; i=q jEL;

= Fl(ﬁ) +P2(£0,£1, . ) +P3(£0,£1, . ) +F4(£0,£1, cee )

When v is only piecewise continuous, let X' denote the finite set of points where v(®) has discon-

tinuities for some 0 < s < r. Suppose supp¢ C (—v,v), suppy C (—v,v) and let

k ={k,k € (py —v,py +v) for some y € X}, k; = {k,k € (piy — v, p;iy + v) for some y € X'}.
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Also let k¢, kf denote their complements. Then, unless j € k;, a;; and a;; are constructed
entirely from an integral over or an average of data values from an interval where v(") exists
and is bounded and continuous. Also, unless j € k, a; and a; are constructed solely from such

regions. Then we may write
Lg(L, Lo, Ly,---) = Ti(k)+Ta(ke,ky,---) +Ts(ko, ki, -+ ) + Ty(ko, ky,---)
+F1(]kc) =+ FQ(}k(CN]kia T ) + F3(]k8,]ki”7 . ) + F4(]k87}k§7 e )

The proof of (4.7) shows E(a; — a;)> = O(n™!), the evaluation for Sia shows EA? =
O(%)(n*1 +p~1). Since ¢ and 9 have compactly supported, both k and k; have no more
than (2v 4 1)(#X) elements for each i. Then by Lemma 6.5 it follows that

BTy (1) <230 B(a - ) + 23 BA2 = 0 1)+ o( RO (L 1 o)
jek

jek " nop
Note that
qg—1 q—1
ETa(ko ky,--) < D> afil(lag| < (1+¢)8) + Y Y afPllay — ai| > (o)

i=0 jek; i=0 jek;

qg—1
= O(q(52) + Z Zpi_l{P(‘ELij — aij\ > ) + P(’AU‘ > 05)} (4.31)

i=0 jek;

From (2.3) and § > C3(n~'logn)/? we have E|A;;|0~! < C+/Inln(n)/(nd2)-0E(|¢i;(X1)|/G(Y1)) =
C((Inln(n)/(né?p;))*/?) < C((Inln(n)/(pln(n)))/?) — 0, hence similarly to the proof as for
(4.15) one can verify that

P(|Ay| > ¢8) < P(|Ayj — EAyj| > ¢8) < dexp { — C56n} + Cp D221,

Therefore, in view of pg’”“n_z’" — oo and (A3), from (4.31) and n?/r+D) 'p((]/\_l)/zé)‘_l <

Cn~leA=1)/2=2r/Qr+1] _, 0 since e(XA —1)/2 — 2r/(2r +1) > 0 by A > 14 (2r + 1)/e we have
q—1
ETs(ko, ki,---) < O(q(pq52) .pgl) +CY pt (exp { = C562n) +p§“1)/25*1)
=0
< O(n—2r/(2'r+1)) + C’p_l exp{ o 056271} + Cpg)\—l)/zéA—l _ 0(n—2r/(2r+1)).

By Lemmas 6.5 and 6.7, from (4.16) it follows that

q—1
ETs(ko, ky,--+) < 22 Z {E(a; — aij)? +EAZ2j} = 0(q/n) = O(n—ZT/(2r+1))'
i=0 jelk;
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Thus 'y (k)+T'2(ko, ky, - - - )+T'3(ko, kq, - - - ) is negligible compared to the main terms of MISE. In

_1/2) and pngrlanT — 00 we have T'y(ko,ky,--+) = O(p;l) — 0(n72r/(2r+1))'

view of a;; = O(p;

C C

By tracing the whole proof of Theorem 3.1 carefully, I';(k®, k§, k¢, - - - ) has precisely the asymp-

totic properties claimed for [(# —v)? in Theorem 3.1. |

5 Simulation Study

In order to analyze the finite sample properties of the proposed estimates we have conducted
a small simulation study. We have focused in the estimator for the regression function, which
is probably the most interesting case in applications. Following Cai and Kim (2003), it was
assumed that the observed covariables were clustered in m groups of K correlated observations
(m = 25, 50 and K = 3, 5). The joint survival function for L correlated values of the covariable,

(X1,...,X), is given by

L Y
P(Xy>x,..., X >xp) = {Z Si(z) "V — (L - 1)}
i=1

where S; is the marginal survival function for X; and A > 0 is a parameter which controls the
degree of dependence: large values of A correspond with a weak dependence within each cluster
whereas small ones indicate a strong dependence structure. Here we have chosen A = 0.8 and
A = 3. As in Cai and Kim (2003), the marginal distribution of X; was the exponential with
mean one. Since we have assumed that m clusters of K dependent observation were observed,
the sample size of the observed sample was n = K x m. Since the clusters are statistically
independent, the a-mixing property is automatically satisfied if K remains bounded as m goes
to infinity

Given an observed value of a covariable, X; = x; (i = 1,...,n), the variable Y; was generated
according to the model

Y, = m(xz) + &4,

where m(z) = z is the true regression function and {e;}}" ; is a sequence of iid random variables
with zero-mean normal distribution. The values for the standard deviation of the random errors
€; were 0 = 0.2 and o = 1. The truncation time, T, was independently generated according
to a normal distribution with mean p and standard deviation one. Note that, since the iid

truncation times are independent of everything else, the a-mixing property of the observed
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sample follows from that of the original sample.The parameter u was chosen in order to ensure
that 1 — 60 = P(Y < T') were, approximately, 10%, 30% and 60%. Table 1 shows the values of

for the different values of ¢ and truncation percentages.

10% | 30% | 60%
oc=1 -11101 |13
c=02]-07102 |12

Table 1: Values of p to get truncation rates of 10%, 30% and 60%

We have simulated B = 1000 random samples from the above mentioned models (48 in
total). For each sample we have computed the proposed estimator for the regression function,
m, for several values of the parameters. The parameter ¢ was fixed at zero (so we used a linear
wavelet, for which the § parameter plays no role). Then, in order to investigate the influence of
the p parameter on the performance of the estimator, we have chosen 80 equispaced values of p
between 0.05 and 4. Therefore, given a random sample, we have computed 80 estimates of m,

one for each value of p. The error criteria was the integrated square error (ISE),

[ inta) = m(a) .

which was only computed between x = 0 and « = 2. This ensures that density of X, v, remains
large enough (see Condition A2). Table 2 reports, for each model, the median ISE along the
simulations for the wavelet based on the parameter p which minimizes this error criterion. Of
course, this optimal p is not available in practice, and a very interesting topic which is left for
future research is that of the development of some data-driven selection rule for the estimate’s
smoothing degree. The influence of p on the error is clearly seen from Figures 1 to 3, in which
the median ISE is averaged along a number of simulated models. In Figure 1, performance in
models with m=25, K=3 (n=75) is compared to that in models with m=50, K = 3 (n=150).
Comparison for the case K=5 (not shown) reports a similar result. From this Figure 1 we see
that the error decreases with an increasing sample size n. Figure 2 compares performance in
models under 10% of truncation to 60% of truncation; this figure suggests that the regression
wavelet estimator behaves worse in the second scenario. Finally, in Figure 3, the ISEs with
small and large variance of the error term e are compared. As expected, the latter scenario
gives larger ISEs. Note the bath-tube shape of the curves in Figure 1 to 3, indicating the risk

of undersmoothing (small p) and oversmoothing (large p). As usual, the optimal value of p
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is a compromise between bias and variance. As a final remark, from Table 2 we see that the
estimate is relatively robust against dependence in the data. For instance, the lowest mean error
is achieved for the same value of p (0.6) both A = 0.8 and A = 3 and the minimum is also almost

the same (0.0962 and 0.0973, respectively). This robustness is in accordance to the provided

theory.
m| K| A o | Tr. | Err. m| K| A o | Tr. | Err.
2513 130 1.0 10 | 0.095 50| 3 13.0] 1.0 10 | 0.063
2513 130|101 30 |0.144 50| 3 13.0] 1.0 30 | 0.092
2513 130 1.0 60 | 0.351 50| 3 13.0] 1.0 60 | 0.018
2513 130]0.2] 10 | 0.019 50| 3 13.0]0.2] 10 | 0.009
2513 13.0]0.2] 30 |0.020 50| 3 13.0]0.2] 30 | 0.010
2513 130]0.2]| 60 | 0.043 50| 3 13.0]0.2| 60 | 0.061
2513 108 1.0 10 | 0.096 50| 3 108 1.0 10 | 0.009
2513 108 1.0 30 | 0.142 50| 3 10.8] 1.0 30 | 0.089
2513 108] 1.0 60 | 0.378 501 3 [0.8|1.0| 60 | 0.252
2513 108]0.2] 10 | 0.019 50 | 3 10.8]0.2| 10 | 0.009
2513 108]0.2] 30 |0.018 50 | 3 10.8]0.2| 30 | 0.009
2513 108]0.2]| 60 | 0.035 50 | 3 10.8] 0.2 60 | 0.017
25|15 30| 1.0 10 | 0.268 50 | 5 | 3.0 1.0 | 10 | 0.046
25|15 30| 1.0 30 | 0.109 50 | 5 1 3.0] 1.0 | 30 | 0.068
25|15 130 1.0 60 | 0.323 50 | 5 1 3.0 1.0 60 | 0.204
25|15 130|021 10 | 0.011 50 | 5 1 3.0] 0.2 10 | 0.006
25|15 13.0]0.2] 30 |0.012 50 | 5 1 3.0] 0.2 30 | 0.006
2515 130|021 60 | 0.027 50 | 5 13.0]0.2| 60 | 0.013
25| 5 108 1.0] 10 | 0.077 50 | 5 1 0.8 ] 1.0 10 | 0.046
25|15 108] 1.0 30 | 0.108 50 | 5 | 0.8 ] 1.0 30 | 0.067
25|15 108 1.0 60 | 0.308 50 | 5 1 0.8] 1.0 60 | 0.009
25|15 10802 10 | 0.010 50 | 5 10.8]0.2| 10 | 0.005
25|15 10.8]0.2| 30 |0.010 50 | 5 10.8]0.2| 30 | 0.005
25|15 10.8]0.2] 60 | 0.025 50| 5 10.8]0.2| 60 | 0.012

Table 2: Error for the best smoothing parameter
Acknowledgments. The authors are grateful to the Editor, an associate Editor, and two
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Figure 2: Mean error for sample truncation percentages 10% (continuous line) and 60% (dotted line)
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Appendix

In this section, we give some preliminary Lemmas, which have been used in Section 4. Let

{Z;,i > 1} be a sequence of a-mixing real random variables with the mixing coefficients {«(k)}.

Lemma 6.1 (Hall and Heyde (1980), Corllary A.1) Suppose that X and Y are random
variables such that | X| < Cy, |Y| < Cy. Then

\EXY—EXEY]§4C’102{A s ()\P(AQB)—P(A)P(B)\}.
€o(X),Bea(Y
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Lemma 6.2 (Liebscher (2001), Proposition 5.1) Assume that EZ; = 0 and |Z;] < S <

00 a.s. (i =1,2,--- ,n). Set Dy = maxi<;<an Var( J 1 Zi). Then, forn,N € N,0 < N <n/2,
e >0,
P() ) §4exp{—ﬁ(nl\f lDN—{—fGSN) }—|—32—na(N).
€
i=1

Lemma 6.3 (Liebscher (1996), Lemma 2.3) Assume a(k) < C1k™", for some r > 1,C1 >
0. Let Supy<; j<n,iz; |Cov(Zi, Zj)| == R*(n) < oo be satisfied. Moreover, let Ry(n) < oo for
some m, 2r/(r —1) < m < oo, where Rp(n) = Suplgign(E\Zﬂm)l/m, for1 < m < oo, and

Roo(n) = supj<j<y, €sSSUp el Zi|. Then
Var( 3" i) < n{ Colrsm)(Ron () 2™/ 0= (R (n))! =/ 072D 4 B3 () |
1=1

holds with Cay(r,m) = %Ci/r.
Lemma 6.4 (Liang et al. (2009)) Suppose that a(k) = O(k™") for some r > 3. Then

%maawfgwn:ommmmﬁwﬂ)w& 0, — 0] = O((Inln(n)/n)"/?) a.s.

Lemma 6.5 Let a;, dij,l;j, l;ij be as defined in Section 2. Set

N |
aj:’rlkZ:lG( ) (Xk azy ZG 1/}1]

bi = n G Yk)¢’(Xk)’ bij = n Z G(Yk)d}”(Xk)'
k=1 k=1

Then, under the assumption a(n) = O(n™") for some r > 3, we have
&j = EL]’ + Aj, &ij = &ij + A,’j, l;j = Ej + Bj, bij = Bi]‘ + Bij,

where

n — G(Y%)
B, - O((lnh;(n))m) Zkil \Ylgﬁgl(é()k)\ 0.
B, = O((lnlz(n)>1/2> Zkl |Ykébi(j}(/];))(k)| .



Proof. We observe that

b= 1 Op =0~ 1
Yo nkZlG(Yk)‘z’J(X’“”[ 2 G,
0 < 1 1 X
+n;(Gn(Yk) G(Y))¢J( ]
= G+ 4.

According to (3.1) and Lemma 6.4 we have

16, — 0] & 0 sup, |Gn(y) — G(y)| Z”: |6 (Xp)]|

10, — 6 .
n[G(ap) — sup, |Ga(y) — G(y)]] D lei (X))l

k=1
0 sup, |Gn(y) — G(y)| z”: |65 (Xk)]
n[G(ar) —supy [Gn(y) — G(y)]] G(Yx)

= of("5)") TR e

The other quantities can be analyzed in the same manner. |

k=1

IN

k=1

Lemma 6.6 (Bradley (1983), Theorem 3) Let n and & be real-valued random variables.
Suppose U is a uniform-[0,1] random variable, independent of (n,&). Then there exists a real-

valued random variable £*, measurable w.r.t. (n,&,U), such that
(1) & is independent of n,
(2) the probability distributions of £* and & are identical, and

(3) Ple" — €l > ) < 18(/[¢llr/€)"/ D {supaco(e) Beotn) |P(AN B) = P(A)P(B)[}*/ G,
where 0 < € < ||{]|, when |||, > 0, and € > 0, when ||£]|; =0 and [|{||cc = esssup [¢].

Remark 6.1 Bradley (1983), Theorem 3, considers only the case |||, > 0. Actually, if ||£]||, =
0, then £ = 0 a.s.; hence, on choosing £* = £ = 0 a.s., then, for any e >0, (1), (2) and (3) in

Lemma 6.6 are still true.

Lemma 6.7 Let 7 > 2. Under the assumptions of Theorem 3.1, if X > (7 — 1)(27 + 1)(2 —
€)/(2¢e(T — 2)), then Ela;; — a;j|” = O(n~7/?), E’[;Z] —by|T = O(n=/?).
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Proof. Following the lines of Lemma 4.5 in Liang et al. (2005), one can verify Lemma 6.7. For
the sake of completeness, here we give the proof of the second equation, the proof of the first
equation is analogous. Choosing r(n) = [(n/p,)"~2/C=)] and positive integers k(n) and

v(n) such that n = r(n)k(n) +~v(n), with 0 < y(n) < r(n). Set Wy, = (%{é)}(}“) — b;j). Then

bij—by o= > Y. Wi+ > W

k(n) ir(n) n
=1 j=(l-1)r(n)+1 j=r(n)k(n)+1

The contribution of the remainder term E?:r(n)k(n) 41 Wi is negligible (and is subsequently
ignored) since it consists of at most r(n) terms. So, without loss of generality, we assume

v(n) =0, and further k(n) = 2s(n). Then

lr(n) 2s(n)
T S S
I=1 j=(I— 1)r(n)+1
s(n)
= Zgn (21) +Zgn (21 — 1) := S(n) + T(n), (6.1)

S

where &,(l) = er(?l) 1r(ny+1 Wi+ Hence E|Bij — bij|” < C{E|S(n)|” + E|T(n)["}. Next, we

evaluate only E|T(n)|", since the evaluation of E|S(n)

|” is similar. In view of Lemma 6.6, there
exist ii.d. random variables £%(2l —1), l =1,2,...,s(n) such that & (2l —1) has the same
distribution as &,(2] — 1) for each [, and satisfies

1€ (22 = Dlloo

€l

P62l = 1) = & (2l = 1] = &) < 18( ) 2a(r(n)), (6.2)

where 0 < € < [|€(20 — 1)loo, if [€0(20 — 1)[|oc > 0, and ¢ > 0, if ||,(2] — 1)]|oo = 0. Then,

s(n)

ET(n)|" < {E\an (20-1) IT+E|Z€n (20—-1) = &(20 1))}

= C{Tl( )+T2( )}
Let us take M, > 0 such that s(n)M, =< n~1/2, where a, = b, means 0 < liminf a, /b, <
limsup a, /b, < oo, and assume |[|&,(20 — 1)||c > M, for I = 1,2,...,s(n). Otherwise, by
rearranging the terms appropriately, we may assume, without loss of generality, that ||&, (2] —

Do = My, for 1 =1,2,...,51(n), and ||£n(20 — 1)||ec < My, for I = s1(n) +1,...,s(n), where

s1(n) is a positive integer with s1(n) < s(n), in this case we have

s1(n)
To(n) < C{(Mas(m))™ + E( Y 62— 1) = &a2 - 1)]) " }.
=1
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Therefore,

s(n) T
Ty(n) < O (Ms(m))™ + B( D 16520 = 1) = a2 = DI(IE4(20 = 1) = &u(20 = 1)| = M) |,
=1

where [|£,(2] — 1)||co > M,,. Observe that

065y ]| oo 1
e e ) e

1/2

%()pq

Note that p,02 = O(n™¢), § > C3(n~tlogn)"/? and A > (1 — 1)(27 + 1)(2 — €)/(2¢(T — 2))

o A(r=2) 1y =271
( i)p;(FU > % = 0o(n~7/?). Then, according to (6.2) and M,s(n) = O(n~'/?),

2(r—1)

imply n
it follows that

T2 (n)

IN

. s(n)
A (Crmplf?) (sm)y 3 PUEHEL 1) ~ €21 = )] = M)} +0(n~)
=1

C(%T(n)p;ﬂ)T(s(n))T (7"(:)]\]4)7%/2) 1/2(r(n))_>\ + O(n_-r/g)

IN

Ar—2) 1 AT— 2)+ +4

< On B TpI T L 0077/ = O(n /).

Next, we estimate T1(n). Applying the Rosenthal inequality for sums of independent random

variables (cf. Petrov (1995), Theorem 2.9, page 59), we get

Ti(n) < {me—w (ZEén%—l !
< Clsm)El&(1)[" + [s(n) B(&(1)72]. (6.3)
From (3.1) we have
el = E\ZWk) < GBI < 000" (=) Bl (301
< Clrm)ynT ]l 1/\w o™
< Clr(m) T
Then
s El&n()]” = O(n~"7?). (6.4)

As to E(£,(1))2, by using Lemma 6.3, it follows that
r(n)
B(E(1))? = B S Wil < r(m{C(Ra(r(m)A (R () ™ + B3r(m))),
k=1
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where

() ,WKC(epr”?kuopo ) = o2 /m)
col(r(n)) := sup esssupy, < —_— ijl | — = ULP n);
1<k<r(n) e G(aF) n !
U+] _
Ry () = B < 5 [ 1o@)Po(=)du = 00072
# C
R*(r(n)) := sup |COV(WS,Wt)\ <=
1<s,t<r(n),s#t n"Pq
Therefore, FE(£,(1))? < Cr(n)n=2, and s(n)E(£,(1))? < Cs(n)r(n)n=2 = O(n~!), which,
together with (6.3) and (6.4), yields Ti(n) = O(n~"/2). [
Proof of (4.11). Assume that supp¢ C (—L,L). Set Vj, = e(g((é’)“) —aj. Then EVj, = 0,
IVitlloe = O('2), E|Vix| = O(p™3), and
p—1 n p—1 p—1
ICELIED IS D DD I
j=0 k=1 j=0 1<k, ka<n,k1#ks j=0
Hence
p—1 n p—1
Var{nQZ(aj—ajﬁ} < C{Var(z ka>+E( 3 Zvjkl jkz) } (6.5)
7=0 k=1 5=0 k1#ka j=0
It is easy to see that
n p—1 n p—1 9
n*1Var<ZZX/j2k> = nflE{ (ka Eka)}
k=1 j=0 k=1 j=0
p—1 p—1 9 n—1 p—1 p—1
=B{ S Vi-B(LVA)} + 20 0o (VA Vi)
J=0 J=0 =1 =0 j=0
Since ¢ has compact support and it is a bounded function,
32 2
o2
*Z gk = Z G2 a;
‘7:
0°p = 2 2
< X1 — = O(p).
< (ar) j:0¢> (pX1— ) /925 ) (p)
Hence, by Lemma 6.1 we have
n—1 p—1 n—1
Z ‘COV(Z 172 1+l>‘ (pQZOz(l)> = O(pQ)
=1 §=0 =1
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This yields Var(}_,_, Z?;é ka) = O(np?) = o(n?p?). Therefore, from (6.5), it suffices to show
that

p—1 9 p—1 p-1
E( Z Zvjklvjk?> - E( Z Z Z Z ‘/jlkll‘/jlk12v}2k21v}2k22) = 0(n2p2). (6'6)
k1#ko j=0 k117#k12 ko1#k22 j1=0 j2=0

In order to verify (6.6), we consider the sums above by several cases of the indices.
Case 1. Suppose the indices satisfy ki3 = ko1 = k1 and k1o = koo = k9. First, when
lJ1 — Jo| < 4L,

p—1 p—1
( Z Z Z VJlkl Jik2 J2k1 Jzkz) < Can Z Z E’V}11%12|
k1#ka j1= 0]2 0 J1=0 jo:|j1—j2|<4L
Op'*¢(pX1 — j1) 0p'*¢(pXs — j1)
< 2 s s
Cpn”L JZOE ( G(Y) ) ( G(Ya) )|
1
2 92 . . 2
copn S { Gy FlowXs —olwXz )|+ al, |
71=0
p—1 2 .
0 1 U+ 71 _
<oprr 3 { /\gb(u)\v( du+p!
= O{G (ar) ) p p ) }
= O(n’p). (6.7)

When |j; — j2| > 4L, since ¢ is supported on (—L, L), at least one among ¢;, (X, ) and ¢;, (X, )
is zero, the same being true for ¢; (Zy,) and ¢j,(Zy,). Here, we will assume ¢;, (Xi,) =
0,0, (Zk,) = 0, the other cases are investigated similarly. In this case, similarly to the ar-

guments as in (6.7) we have

p—1 p—1
E( 0 303 Vi VirkaViaw Vi) < 3 Z a, ZE\VM jaka | = O(n%):
k1#k2 j1=0j2=0 k1#ke 1=0  j2=0
Therefore, (6.6) holds.
Case 2. Suppose the indices satisfy k11 = ko1 and k11 < k12 < kog. Then
p—1 p—1
E( Z Z Z W1k11‘/jlk12‘/j2k11vjzk22>
1<k11<k12<k22<n]’1—0j2—0
n p—1 p—1
- E(Z Z Z Z Z Vii Viits 1211‘/}213)
l1=11la=l1+113=l2+1 j1=0 j2=0
n—2n—Il1—1 p—1 p—1
=3 > -+ Y Y E(ViaViaanViVia i) )
I1=1 lIls=1 71=0 j2=0

n—2n—l1—1 p—1 p—1

= ”Z Z Z Z ‘E< iV 1+l1)Vj21V}'2(1+11+12))‘- (6.8)

l1=1 lIl2=1 j1=042=0
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Take Q, = 6~/ 1) Introduce Dy = {(I1,12) : Iy < Qn, lo < Qn, 1 <l +1y <n},
Dy = {(ll,lg) 1 < Qn,lg > Qn, 1<li+1s< n}, D3 = {(ll,lg) > Qn, 1<li+lh< n}

Then, according to Lemma 6.1, from EVj, 11, 41,) = 0 and [Vjg| < Cp'/2, it follows that

n—2n—1l1—1

> ‘ <311 1(1+11)‘621ij(1+51+12)>‘

h1=1 Ix=1

< Z Z Z )‘E< Jil 1(1+11)VJ21V'2(1+11+12)))
(ll,l2)€D1 (ll,ZQ)EDz (ll,lg)EDg
< ) ‘ (VmV (1+11) Vi1V, (1+zl+z2))‘
(l1,l2)eDq
+Cp2 Z a(lz) + Z ’E(‘/}ll‘/}l(l"t‘h)‘/jZl)E‘/j2(1+ll+l2)
(l1,l2)€D2 (ll,lz)EDQ
+Cp2 Z a(l) + Z ‘E(‘Gll‘GQl)E(‘/}l(1+l1)‘/}2(1+11+l2)>‘
(ll,l2)€D3 (l1,12)€D3
< > B(ViaViian Vi Visasn ) | + Crp?@ 7Y
(ll,lg)EDl
+C Y )E(le(1+ll)vj2(1+l1+lz))" (6.9)
(ll,lg)GDg

Note that Z(h,lz)EDg |E(Vj1(1+ll)vj2(1+l1+lz))| = 0(”) from (4'10)7 ’E(‘/}llv (1+l1)V321V2(1+l1+l2))| <
CpE|Vj1Vj 141l = O(1), and that A > 3+4r, pgd% = O(n=¢) and § > C3(n~"logn)/? implies
Q%/n — O(n—(Qr—l)/(Qr-i-l)(1n(n))—2/(2r+1)) — 0 and

P2Q-OD = O(p~ PG+ @41 9—a(A=1)/(2r+1),—eO-1)/@r+1)y _

So, from (6.8) and (6.9) we find

p—1 p—1

E( Z Z Z Vj1k11Vj1k12Vj2k11Vj2k22>

1<k11<k1a<ko2<n j1=0 j2=0
< Cnp Q2 +Cn2p4Q (A-1) +O( 2 2) _ 0(n2p2)‘
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Case 3. Suppose the indices satisfy k11 < k1o < ko1 < koo. By the stationarity of X we

have

3

p—1 p—1
< Z Z Z ‘/}1/611‘/}1]612‘/]'2]621‘/]'2]622)

1<ki1 <ki12<ka1<koo<n j1=0 j2=0
n—3 n—Il1—2n—Il1—ls—1n— ll+l2+l3) p—1 p—1

= Z Z Z Z Z Z E( Jil 1(1+l2)ij(1+l2+l3)‘/}2(1+l2+l3+l4))

=1 lx=1 I3=1 I4=1 71=0j2=0
n—3 n—Il1—2n—-Il1—-lx—1 p—1 p—1

= E > > -+l )Y E( j11le(1+zl)ij(1+ll+lz>VjQ(Hlesz))-
=1 Il2=1 I3=1 j1:0j2:0

Let By = {(l1,l2,03) : 11 < Qn, 12 < Qn, I3 < Qn, 1 <li +1la+13 <n},

Ey = {(l1,12,13) : 11 £ Qn, l2 < Qn, I3>Qn, 1 <l +1la+13 <n},
E3:{(l17l27l3):l1 SQna l2>Qna 1<11+12+13<n},

Ey = {(l17l27l3) > Qp, 1< li+la+13< n}

Note that |E(Vj,1Vj, a41,))| = O(p~!) and (4.10) imply that

Z ‘ (VJllV1(1+l1)) (‘/}2(1+l1+l2)‘/}2(1+l1+l2+13))‘ = O(nan_l)‘
(l1,lz,l3)€E3

§ > C3(n~'logn)'/? implies n=1Q2 < Cn=20—V(In(n))=3/C*+D — 0; X > max{1 + (2r +
1)/€,3 + 4r} and p,6? = O(n™¢) imply

nPQ/QQ_l < Cn—[e)\—(Qr-‘rl-‘re)]/(Zr—i—l)2—q()\—1)/(2r+1)p—[A—(47"+3)]/(2r+1) 0.

2r+1 52

Hence, from p — 00, similarly to the arguments as in Case 2, it follows that

p—1 p—1

E( Z Z Z ‘/j1k11‘/}'1k12‘/}2k21‘/}2k22>

1<k11 <k12<k21<k22<n j1=0 j2=0

< Cnp*Q2 + Cn*p QMY + o(n®pQy) = o(n*p?).
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